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(i) 


ABSTRACT 

Kelly  introduced  the  concept  of  a  bitopological  space,  i.e.,  a 
triple  (X,  L^,  L2)  where  X  is  a  set  and  L-,  ,  are  topologies  on  X. 

He  defined  pairwise  Hausdorff,  pairwise  regular,  pairwise  normal  spaces 
and  obtained  generalizations  of  several  standard  results  such  as 
Urysohn’s  lemma,  Tietze’s  extension  theorem,  Urysohn * s  netrization 
theorem  and  the  Baire  category  theorem.  Fletcher  and  Lane  indepen¬ 
dently  defined  pairwise  completely  regular  and  pairwise  uniform  spaces 
and  proved  their  equivalence. 

This  thesis  began  in  an  attempt  to  define  the  concept  of  pair¬ 
wise  compactness  in  a  bitopological  space,  in  a  non-trivial  way.  After 
recalling  known  definitions  and  results  in  Chapter  1,  this  is  done  in 
Chapter  2,  It  is  shown  that  the  definition  used  here  satisfies  most  of 
the  requirements.  Furthermore,  maximal  and  minimal  bitopological  spaces 
are  investigated  and  the  results  are  used  in  the  sequel.  The  results  are 
then  applied  in  Chapter  3  to  function  space  topologies  which  are  studied 
in  detail.  These  function  spaces  are  studied  not  only  for  pairwise 
continuous  functions  but  also  for  certain  types  of  non-continuous  functions 
such  as  pairwise  connected  and  pairwise  almost  continuous  functions. 

Analogously  in  bitopological  space,  connected  open  topology 
and  graph  topology  are  considered  in  Chapter  4,  5,  6. 


. 


( 


(ii) 


Finally  in  the  last  chapter  a  new  function  space  is  introduced 
which  is  especially  useful  for  the  space  of  all  functions  which  have  at  worst 
discontinuity  of  the  first  kind.  This  sheds  more  li.q;ht  on  the 
Skorokhod  '‘“Convergence. 
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CHAPTER  1 


pupT  T ?  rT  i  r  A  PV 
j  l  vi_f  1 » .1 .  :  _L  i  r\  J  .  I 


In  this  chapter  we  discuss  elementary  notations 
and  some  of  the  known  results  concerning  bitopological  s 
used  in  the  following  chapters. 


,  definitions 


races  that  are 


(1.1)  Definition:  (Kelly  [11] 

topologies  L2  and  L2  is  called 
by  (X,  Llt  L2). 

The  following  definition 
term  consistent. 


A  space  X  on  which  are  defined  two 
a  bitopological  space ,  and  is  denoted 

was  given  by  Weston  [26],  who  used  the 


(1,2)  Definition: 

(Wes 

ton  [26]) 

A  bi 

topological  space  (X,  Ly, 

is  pairwise  Hausdorf 

f  pff 

x,y  €  x 

and 

x  i  y  implies  there  exist 

U  £  V  £  L2  such 

that 

X  €■  u,  y 

a  V 

V 

and  U  A  V  =  0  . 

) 


We  will  use  the  symbol  p-  to  denote  any  pairwise  property 


e.g.  D-Hausdorff  stands  for  pairwise  Hausdorff. 


(1.3) 
(X,  g, 

G  C  5, 


Definition : 
L2),  we  say 
where  G ,  G 


(Weston  [26])  In  a  bitopological  space 
that  is  coupled  to  L2  iff  for  all  G  £  L-^, 

denote  the  closures  of  G  in  L^,  respectively. 


- 
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(1.4)  Lemma :  (Heston  [26])  If  (X,  L^,  L^)  is  p-Hausdorff  and-Lj^ 
is  coupled  to  L2  ,  then  L1  is  Hausdorff. 


(1.5)  Definition:  (Kelly  [11])  A  bitopological  space  (X,  ,  L2)  is 

(12) -regular  iff  for  each  x  6  X  there  exists  an  L, -neighbourhood  base 
of  L2~closed  sets.  If,  in  addition,  it  is  (21) -regular  then  it  is 
p -regular . 

Kell}?'  [11]  defined  p-normal  bitopological  spaces  in  an 
analogous  manner,  namely 


(1.6)  Definition; 
said  to  be  p-normal 
with  AH  B  =  <■)  there 


(Kelly  [11])  A 
iff  for  any  Iy  - 


exist 


L  .-open 
J  x 


bitopological  space  (X,  Ln ,  L2)  is 

closed  set  A  and  Lj -closed  set  B 

set  U  and  L,*-ODen  set  V  such  that 
1 


A  c  u  ,  3  c  V  and  U  r\  V  =  $  (i  ^  j,  i  =  1,2)  . 

One  motivation  for  the  study  of  bitopological  spaces  is  given 
by  considering  a  "pseudo-quasi  metric"  (or  (p-q)  metric)  . 


(1.7)  Definition:  A  p-q  metric  on  a  set  X  is  a  non-negative  real¬ 
valued  function  p  on  the  product  X  x  X  such  that 
(i)  p ( x , x )  =  0 

(ii)  p ( x , z )  <_  p(x,y)  +  p(y»z)  (x,y,z,  eX)  and  if  q  is 


defined  as 


q(x,y)  =  p(y,x) 


then  c  is  said  to  be  the  conjugate  p-q  metric  of  d  .  If  further  p 


' 


■ 


3 


satisfies  the  condition, 

(iii)  p(x,y)  =  0  only 

to  be  a  quasi  metric. 


=  y  ,  (x,y  c  X)  then  r. 


p  is  said 


me  following  is  a  generalization  of  LJrysohn’s  metrization 


theorem. 


(1*8)  Theorem :  (Kell}/  [11])  If  (X,  L^,  L^)  is  p-regular  satis- 

fying  C2  ,  then  (X,  ,  L2)  is  p-q  metrizahle.  If,  in  addition,  it 

is  p-Hausdorff,  then  it  is  quasi  metrizahle. 


(1.9)  Theorem:  (kelly  [11]) 


If  L.  and  L0  are  topologies  on  X 
1  Z  ° 


determined  by  p-q  metric  p  and  its  conjugate  q  ,  then  (X,  L-,  ,  !o) 
is  p-regular  and  p- normal  and  (X,  L- ,  Ln)  is  p-Hausdorff  iff  p  and 


q  are  quasi  metric. 


(1.10) 

Definition:  If  f  is 

0. 

function  from. 

X  into  F?’r  ,  then  f 

is  LSC 

(resp.  U3C)  whenever  { 

V 

a  fc 

€  X  :  f  ( x )  £  a 

}  (resp.  {  x  6  X  : 

f(x)  _>  a 

}  is  closed  for  each  a 

€ 

,  where  If 

is  the  extended  real 

numbers 

with  the  usual  touologv. 

The  notation  "LSCn  and  "USC"  are  used  for  lower  and  upper 
semi-continuous,  respectively.  Further,  "ULX"  denotes  the  set  of  all 
real-valued  functions  on  X  that  are  both  L-^-USC  and  L2-LfC  .  "LUX” 
is  defined  analogously. 

The  following  is  a  generalization  of  Urvsohn's  Lemma. 


i neorem: 


(1.11) 


(Kelly  [11])  If  (X,  Lt  ,  L2)  is  p-nornal,  then  for 


. 


— .  4  - 


any  L2-closed  set  F  and  L1-closed  set  !!  with  F  ft  H  =  $  there 
exists  a  g  e  ULX  such  that 


g(x)  = 

0 

on 

p 

g(x)  = 

1 

on 

ir 

1 1 

0  <  g 

<  1 

on 

X  . 

Csaszar  [3]  was  first  to  prove  that  every  topological  space 
is  quasi-uniformizable.  Subsequently,  Pervin  [18]  gave  a  direct  proof 
of  this  result.  Reference  [15]  contains  a  systematic  exposition  of 
quasi  uniform  spaces.  Fletcher  [6]  and  Lane  [13]  independently  defined 
p-completely  regular  spaces  and  generalized  the  classical  form  of  the 


uniformization  theorem. 


(1.12)  Definition:  (Fletcher  [6])  (X,  L-,  ,  L2)  is  (12) -completely 

regular  iff  for  any  Lq-closed  set  F  and  x  k  F  there  exists  f  £  ULX 
such  that 

f  ( x )  =  1 

f(y)  =  0  for  y  6  F  and  0  4  f  <_  1  on  X 
and  it  is  p-completely  regular  iff  (12)  and  ( 21) -completely  regular. 

Since,  if  Lq  is  Tq  for  i  =  1,2  ,  then  a  singleton  is 
Lq-closed,  therefore  we  have 


(1.13)  Theorem:  If  (X,  Lq,  L2)  is  p-normal  and  Lq  is  Tq  for 

i  =  1,2  ,  then  (X,L  ,  L9)  is  p-completely  regular. 

(1.14)  Corollary:  If  (X,  Lq,  L2)  is  p-normal  and  p-Hausdorff,  then 


■ 
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(X,  Lj ,  L2)  is  p- completely  regular. 

(1.15)  Definition:  (Fletcher  [6])  (X  L1#  L2)  is  p-uniform  iff 

there  exists  a  quasi-uniformity  such  that  =  T(  )  and  L2  = 
T(  U')  ,  where  T(  )  denotes  the  topology  on  X  induced  by  and 

VC1  =  {  U"1  :  U  ZlL  >  • 

(1.16)  Theorem:  (Fletcher  [6])  (X,  L: ,  L2)  is  p-uniform  iff  it 

is  p- completely  regular. 

The  above  result  is  a  generalization  of  the  classical  result 
of  A.  Weil,  namely  that  a  topological  space  is  unifornizable  iff  it  is 
completely  regular. 
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CHAPTER  2 


p-COMPACT'IESS 


In  a  private  communication  rletcher  suggested  the  problem  of 
suitably  defining  p-compactness  for  bitopological  spaces.  Such  a 
definition  should  meet  the  following  requirement  (i)  .  a  bitopological 
space  (X,  Lq,  L0)  can  be  p-compact  without  Lq  =  L2  ;  (ii)  p- 
compactness  and  p-Hausdorff  together  imply  p-normality  and  ( i i i ) 
p-compactness  is  a  p-continuous  invariant. 


We  shall  find  later  that  such  a  definition  of  p-compac'tness 
also  helps  in  the  study  of  bitopological  function  spaces.  In  this 
chapter  we  state  the  definition  of  p-compactness  and  then  develop  some 
results  which  will  be  used  in  the  secuel. 


(2.1)  Definition:  Let  (X,  Lq,  Lq)  be  a  bitopological  space, 

any  V  6  L2  where  V  t  0  ,  consider  {Uq  U  V}  where  Uq  6  Lq  . 
Then  Lq(V)  =  (X,0,  (rJq  U  V)  }  is  a  topology  and  is  said  to  be  an 
adjoint  tonology  of  Lq  with  respect  to  V  . 


(2.2)  Definition:  ( X 
each  non-empty  V  6  L2  , 
Vc  being  Lq- compact  for 
(21) -compact  we  say  that 


L]  ,  L2)  is  said  to  be  ( 12 )-compact  ifr  for 
L1(V)  is  compact.  This  is  equivalent  to 
each  non-empty  V  £  L2.  If,  in  addition,  it 
(X,  LlS  I«2)  is  p-compact. 


is 
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Renark :  In  a  (12)-compact  space  L^C.  implies  (X,  L  )  is 

compact . 


(2.3)  Example :  Let  X  be  the  set  of  all  real  numbers,  Lp  be  the 

topology  generated  by  the  sets  { ( -co  ,a)}  and  L  be  generated  by  the 
sets  ((a,co)}  ,  where  a  is  any  real  number.  Then  (X,  L  ,  Lp)  is 

p-compact  but  neither  Lp  nor  • L;  is  compact. 


(2.4)  Example:  Let  X  =  (N  y  Mi}  ,  where  b  is  the  set  of  all  natural 

numbers  and  =  -1  .  Let  Lp  be  generated  by  {If  U  Pi}  where  F  is 

a  finite  subset  of  N  and  =  {0,X,N,Ni}  .  Here  (X,  L 2)  is  compact 

but  (X,  L..  ,  L_)  is  not  ( 12 )-conpact . 

12 


(2.5)  Example:  Let  X  be  the  set  in  Example  (2.4).  Let  Lp  be 

generated  by  (N  -  F)  J  G  ,  where  F  is  a  finite  subset  of  N  and  G 
an  arbitrary  subset  of  Hi.  Let  L 2  be  generated  by  H  \J  (Hi  -  Fi) 
where  F  is  as  before  and  II  an  arbitrary  subset  of  N  .  Here 
(X,  L-,  ,  L2)  is  p-Hausdorff  and  p-compact,  but  (X,  Lp)  is  not  compact 
for  i  =  1,2  . 


(2.6)  Theorem: 

If 

(x, 

Lp,  -j2^ 

is  L.-comnact  for  i 

1 

e* 

1— 1 

11 

2  and 

p-Hausdorff,  then 

(x, 

Ll’ 

L2)  is  ( 

i j )-compact ,  i,j  =  1, 

2  . 

Proof:  If  V  £  Lj 

• 

Then  Vc  is 

L^-comuact  and  since 
3 

'  y 

A 

is  p- 

Hausdorff  it  is  Lp 

-closed 

.  Since 

(X,  Lp)  is  compact, 

Vc 

is  Lp- 

compact,  showing  that 

(  y 

✓ - N 

CN 

yS\ 

0% 

« — 1 

is  (ij)-conpact  for 

i  j3 

=  1,2  . 
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Remark ;  We  can  easily  deduce  the  following  statements  from  (2.6): 

(1)  If  (X,  Lp,  I^)  is  p-Hausdorff  and  L  j  ,  i  =  1,2  ,  is 

compact  then  Lp  =  L2  . 

(2)  If  (X,  L^,  L2)  is  p-Hausdorff  and  L^  ,  i  =  1,2  ,  is 

compact  then  (X,  Lp,  L^)  is  p-compact. 

The  following  example  shows  that  p-T0  is  not  superfluous  in  the 

z.  1 

hypothesis . 

Let  X  =  [0,1]  .  L1  ={{  0}  ,  {[0,  a)  :  a  6  [0,  1]},  X,  0} 

while  L2  is  generated  by  {  {1},  {(a,  1]  :  a  $  [0,  1]},  X  ,  0}  ,  since 

for  1/2,  2/3  $  X,  we  cannot  have  U  e  L]_  ,  V  £  L2  such  that  2/3  £  U  , 
1/2  6  V  and 

U  (\  V  =  0 

(X,  L-,  ,  L0)  is  not  p-Hausdorff.  However,  (X,  Lp  L2)  is  compact  with 


respect  to  Lp,  i  =  1,2  ,  because  every  open  covering  of  X  with 
L.-open  set  must  include  X.  Moreover,  this  is  not  p-compact  for  { 1}  €  L2 
and  { 1} c  =  [0,  1)  is  not  an  Lp-compact  subset. 

(2.7)  Definition:  A  mapping  f 

f  :  (X,  L1>%L2)  ->  (Y,  Sjl,  S2) 

is  said  to  be  p-continuous  iff  f  :  (X,  Lp )  -*  (Y,  Sp)  is  continuous  for 

i  =  1,2  . 

(2.8)  Lemma:  ( 12 ) -compactness  is  a  p-continuous  invariant. 


’oor 


:  Consider  f  :  (X,  Lp,  L2)  (Y,  Sp,  S2)  ,  where  f  is  p-continuous 


. 

i 

. 
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and  (X,  Lj_,  I<2 )  is  (l ,2)-compact.  Let 

f(X)  C  (U  U.  \J  V  }  ,  U,  £  S2  and  V  £  S2  ,  V  A  f(X)  J.  0  . 

then 


xcU f~1(y.)  u  f“1(v) 


Since  f  is  p-continuous,  f~^(Up)  £  L 

and  f"1(V)  e  b2  . 

By  (12) 

compactness  of  X  there'  exists  a  finite 

subclass 

{ IJ .  .  t  n  >  j 

I 

i-j  - 

n 

xc  ur(u..) 

u  f_1(v) 

which  implies 


n 

f(X)c  U  U^-  U  V  . 

-L  j 

j=l 

(2.9)  Corollary:  p-compactness  is  a  p-continuous  invariant. 

(2.10)  Lemma :  Let  (X,  L^,  L^)  be  a  (12) -compact  space. 

(i)  If  C  is  a  L^-closed  proper  subset,  then  C  is  L1- 
compact  and  (12) -compact. 

(ii)  If  C  is  L, -closed,  then  C  is  ( 12) -compact . 


Proof: 

Consider  Cc  (J  tb  , 

bp  €  Lx  , 

where 

C  is  L^-closed. 

Then  } 

:c  u  ll  u  cct  cc=  0  . 

But  Cc  £ 

l2  • 

Therefore,  there 

finite 

subcollection  j  U.  .  : 

J  _  J-  j  •  •  • 

nJ 

n 

XCjj 

(UiHU 

Cc)  . 

j=l 
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n 

How 

c  = 

X  -  CcC  u 

3=1 

is  • 

(12)- 

compact ,  cons 

V  A 

c  t 

0  .  Then 

i: 


which  im.ulies  C 


3.3  L^-compact . 


'•here  \J*  6  L. 


:o  snow  C 
V  6  L, 


an: 


x  =  u  uL  U  v  U  c~  . 


But 


vu  c~e  l2  . 


Let  V’  -  V  U  .  Since  X  is  (12) -corpse t ,  there  exists  finite  subclas: 
{  U- . :  j  =  1,...  n}  such  that 

J 

n 

x=  U  U-..UV1 

j~i  ~J 

n 

How  C  =  X  -  CcC:  U  U-.-U  T«:  which  implies  C  is  ( 12 ) -compact .  Part 


(ii) 


1  =  3 

J 


is  n 


roved  ana  1  o  no  us  ly . 


(2.11)  Corollary:  If  (X,  L-.  ,  L0)  is  p-ccmpact,  then  an  L- -closed 

subset  C  is  p-compact  and  if  C  is  a  proper  subset  of  X  then  C  is 
Lj -compact  (i  i  j,  i  =  1,2)  . 


(2.12)  Theorem:  Let  (X,  L-,  ,  L9)  be 


(i)  I: 


is  L2~closed. 


is  Lr closed. 


auscorrr,  men 


.usdorff . 

(12) -compact  subset  of  X 


(ii)  If  L1  is  Kausdorff,  the: 


(12)-ccmnact  subset  of  X 


< 
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-  Assume  L ^  is  Hausdorff  and  C  is  a  (12) -compact  subset  of 

X  with  x  ^  C  .  .hen  5  by  trie  virture  of  the  p— Hausdorff  property  *  for 


each 

yi 

€  C 

there 

exist  V  £  L2  and 

uy, 

J. 

^  L^  with  x  c 

y 

'yi 

and 

tie 

hi 

such 

that 

Vv.n  V  =  0-  "e 
J1  J  1 

also 

have  for  everv 

y  £ 

c 

V 

L2 

and 

L 

y  ^ 

2  such  that  Vvr\  U 

v  J 

,  =  * 

where  x  £  Vv 

and 

y  e 

Since 

c 

is  a 

(12)- 

compact  subset  there 

ex  is 

lS  n  C  sucn 

that 

cc  U  (V  u  U  )  . 


n 


Let  V  -  (OV  )  f\  Vy  .  Then  V  L2  and  x  V  with  V  f\  C  =  0  . 
I  yi 

Similarly,  we  can  show  (ii) 


The  following  is  proved  analogously. 


(2.13)  Theorem :  If  (X,  L-.  ,  L2)  is  p-  Kausdorff  and  K  CL  X  is 

L^-compact,  then  K  is  L^ -closed  (i  i  j  ,  i  =  1,2)  . 


Remark:  If  (X,  L]  ,  L2)  is  p-compact  and  Ly  and  L9  are  Hausdorff 

then  =  L2  because  if  U  £  fg  then  Uc  is  Lj -compact ,  By  Hausdorff 

property  Uc  is  L^ -closed  which  implies  U  £  Lj  . 


(2.14)  Corollary :  Let  (X,  Lg,  L2)  be  p-Hausdoj 


of 


(i)  If  L.  is  coupled  to  L.  then  everv  ( j i ) -compact  subse 

l  *  j 

is  L. -closed. 

l 


Proof:  Use  Lemma  (1.4)  and  Theorem  (2.12). 


rr 


, 


* 


> 
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(2.15)  Definition ;  A  subset  Cc  X  is 
for  each  x  6  C  and  y  £  Cc  there  exist 
that  x  £  Ux  ,  y  £  Vy  and  Ux  r\  Vy  =  0  . 
and  (21)  separated  is  called  P*-separated . 

In  Example  (2.3)  every  Enclosed 
every  L^-closed  set  is  ( 21 ) --separated, 
then  every  subset  of  X  is  p*-separated. 


said  to  be  ( 12 ) --separated  iff 
and  V  e  L2  such 
A  Set  both  ( 12  ):*;_  separated 


set  is  ( 12 ) --separated  and 
If  (X,  Ly,  L2)  is  p-Hausdorff 


5 


The  following  is  easilv  shown. 


(2,16)  Lenina: 
separated,  then 


If  an  I.  .-compact  subset  K  of  (X, 
I 

K  is  Lp-closed  (i  /  j  ,  i  =1,2)  . 


4  L2> 


is  (ji)*- 


Remark:  (2.13)  is  easily  deduced  from  the  above  lemma. 


(2.17)  Theorem:  If  (X,  L ^ )  is  (12)-compact  and  if  every  L^-closed 

set  is  (12)*-separated,  then  (X,  L ^  ,  L2)  is  ( 21) -regular . 


Proof:  Let  C  be  an  I^-closed  subset  of  X  .  Then  C  is  L^-compact 


by  Lemma 

(2.10).  Assume  p 

• 

By 

! 

CN 

1 — 1 

separateness  for  each  y  ^  £ 

there  ex 

ists  V  c  Lo  and 

Yi  * 

Uy .  € 

L-^such 

that 

J'i  6  Uy  anti 

P  €  vy. 
y  1 

with  U  a  Vv  =  0 
Yi  -’i 

.  Si 

.nee 

C 

is 

L^-compact  we  have  n  6  H 

n 

such  that  C  C  U  •  bet 

1  yi 

VP  = 

n 

r\  T 
1 

J 

V  • 

w  i 

• 

Then 

n 

n 

V  a  (  u  U  )  =  0  ,  u  =  u  U  €  ~>2 

1  i  X  -  1 


13  -• 


where  U  uo  C  and  p  €  V 


(2.13)  Corollary :  If  (X,  )  is  p-  compact  and  if  ever)7'  L;- 

closed  set  is  ( j i )*- separated ,  then  (X,  L, ,  L2)  is  p-regular,  i  }  j  , 
i  =  1,2  . 

(2.19)  Corollary:  If  (X,  L^,  L2)  is  p-compact  and  p-Kausdorff,  then 

(X,  Lj  ,  1.2 )  is  p-regular. 

(2.20)  Theorem :  If  (X,  L^,  L^)  is  p-compact  and  if  every  Lp-closed 

set  is  (ji):*:-separated,  then  (X,  L-,  ,  L0)  is  p-normal  (i  f  j  ,  i  =1,2), 

Proof:  Assume  C  C.  v  Is  L^-closed  (we  have  an  equivalent  result  if 

C  is  L0-closed).  Let  C  cl  A  where  A  is  L2-open.  Xe  have  to  show 

there  exist  L^-open  set  U  and  L-, -closed  3  such  that 

C  c  ij  c  B  a  A 


which  is  an 


equivalent  form  of  (1.6).  Since  C  is  L^-closed  by  (2.10) 


C  is  compact .  For  each  xp  €  C  there  exist 
neighborhood  of  xp,  and  an  Lg-closed  Bp  such  that 


,  an  L0-coen 
v  •  a 

•>  l 


Uv  C  3 .  C.  A 

x  •  i 


by  (2.18).  Since  C  is  L9--compact  there  exist  a  finite  number  cf  sets 


n 


{Ux  } 

b  i 


such  that 


. 
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n 

c  e  U  u  _  -  u  . 


Let  E  : 

j=l  ^ 
n 

=  4J  B  .  Therfore 

1  xij 

C  C  U  C  3  c  A 

(2.21) 

Corollary i  If  (X,  »  L0)  is  p-compact  and  p-regular.  then 

(X,  Lx, 

L2)  is  p-  normal. 

(2.22) 

Corollary:  If  (X,  L-,  ,  L0)  is  p-conpact  and  p-Hausdorff.  then 

r» 

• — 1 

X 

Lo)  is  p-normal. 

Proof : 

Bv  (2.19)  p-compactness  and  p-Hausdorff  together  imolv  p- 

regularity,  so  that  the  result  follows  from  (2.21)  . 


(2.23) 

Theorem:  If  (X,  Lp,  L0)  is  p-conpact  and  p-Hausdorff ,  then 

n 

1 — l 

0\ 

V" 

V  N 

L^)  is  p-completely  regular. 

Proof: 

Apply  (2.22)  and  (1.14). 

(  2.24) 

Theorem:  If  (X,  L-]_,  L?)  is  p-compact  and  p-Hausdorff,  then 

(x,  Lx> 

L9)  is  p-uniforr.i  . 

Proof : 

Apply  (2.23)  and  (1.16). 

(2.25) 

Definition:  A  partial  order  >  on  the  family  of  all  bitopological 

spaces  is  defined  as  follows: 


■ 
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(X,  L1#  L2)  >_  (X,  S1#  S0)  iff  L,  D  St  and  Ln 


1»  2 


1 


J2  n  s2 


(2.26)  Lemma :  If  (X,  L^,  L  )  is  ( 12 )-compact  and  p-Hausdorff,  tl 

for  L2  ^  L”  : 

(1)  (X,  L^,  LJ)  is  not  p-Hausdorff,  and 


ten 


(2)  (X,  L^,  L”)  is  not  (12) -compact 


Proof:  Assume  (X,  L1#  L£)  is  p-Hausdorff.  Let  G  6  L2  .  Then  Gc 

is  L2-closed  and  hence  Ly-compact  by(2.10).  Since  an  L^- compact  subset 
in  a  p-Hausdorff  bitopological  space  (X,  L^,  L2)  is  L^-closed,  G  £  L2  , 
Therefore,  L2  =  ,  which  is  a  contradiction. 

Now  assume  that  (X,  L^,  L^)  is  (12) -compact  and  G  €  L^  . 


Then  Gc  is  L0-closed  in  the  (12)-conpact  space,  which  implies  Gc  is 


H- 


compact.  Since  (X,  L^,  L^)  is  p-Hausdorff,  Gc  is  L2-closed  and  G  £  L2 


it 


this  implies  that  L2  =  L„  ,  again  a  contradiction. 


Li  £  Li 


Theorem: 

If 

(X, 

Ll’  L2) 

is  D-flausdorff  and  p 

A.  A- 

-comuact , 

i.  * 

then  for 

•H 

W 

(1)  (x. 

f 

Li, 

Lf 

is  not 

p-Hausdorff  and 

(2)  (X, 

IT 

Li> 

Lj) 

is  not  i 

^-compact,  i,j  =  1,2 

and  i  i 

j 

(2,28)  Definition:  (X,  L^,  L2)  is  said  to  be  p-  1  .^±  or  p-seni 


Hausdorff  iff  for  all  x,y  £  X  ,  x  ?  y  ,  there  exist  L’x  C  L_j_  and 


. 
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Vy  €  L.  ,  i  i  j  with 
and 


either  1  or  2 


such  that  x  £  U  ,  v  £  V 

xs  y  V 


x^ern.ar/^:  p  ^2  implies  d-TjJ.  but  p-  7,_p  does  not  imply  p-  T 

—  2. 

hoover  it  is  p-  TQ .  The  space  of  Example  (2.3)  is  p-  T^jl  but 


1  9 


not 


p-  T ^  . 


lne  x ol lowing  example  shows  that  Theorem  (2.27)  is  not  true  if 
p-Hausdorff  is  replaced,  by  p-  T^j„  . 


(2.29)  Example :  Let  X  be  the  interval  [0,  1]  with  the  following 

topology:  Ly  is  generated  by  {(b,  1]}  while  L2  is  generated  by 

{[0j  3.) )  where  0  <_  a  ,  b  <_  1  .  Let  L-j  =  L^  be  generated  by  {(a,  b)} 

Then  both  bitopological  space  (X,  Ly,  L2),  (X,  L]  ,  L^ )  are  p-compact  and 

p-  Ty^  and  yet  L;  C  l!  , 

^2~  J  1  1 


(2.30)  Theorem: 

If  f  :  (X,  L1? 

I>  2 ) 

->  (Y,  Sls  S2) 

is  one-to- 

-one  onto, 

p-continuous,  Y 

is  p-Hausdorff  and 

X 

is  p-compact. 

then  f  is 

a 

p-homeomorphisrn,  (i.e.  a  one-to-one  onto  p-continuous  p-open  map). 


Proof :  Consider  (X,  L-,  ,  L^)  where  Lp  =  (f  ^(U)  :  U  £  Sp)  for  i  =  1,2 

t  t  t 

Then  L.  C  L.  and  (X,  L-,  ,  L-)  is  p-compact  and  p-Hausdorff,  and  so  is 
(X,  L-j,  L2)  •  By  Theorem  (2.  27)  we  have  L^  =  Lj_  ,  i  =  1,2  ’which 

imnlies  that  f  is  a  p-honeomorohism. 


. 
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In  Theorem  (2.30)  if  vie  assume  th 


we  have  the  well-known  theorem. 


L-j  =  L2  and  S 


1  =  $2  then 


(2.31)  Corollary:  If  f  :  (X,  L)  (Y,  3)  is  onto,  one-to-one, 

continuous,  Y  is  Hausdorff  and  X  is  compact,  then  f  is  a  honeo- 


morpmsn . 
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£U/\Ti'T>rp  ^ 


d-co: 


act  ope:; 


TOPOLOGY 


In  this  chapter,  using  the  previous  results,  we  discuss  the 
p-compact  open  topology  which  is  a  generalization  of  the  compact  open 
topology.  lie  prove  analogously  in  bitopological  spaces  of  the  results 
concerning  compact  open  or  K  topology. 


To  have  meaningful  results,  we  assume  that  (X,  L-,  ,  Ln)  is  a 
p-IIausdorff  space.  First  we  define  the  p- compact  open  topology,  or  p-X 


topology,  and  then  study  this  topology  on 


r 


J12 


~1  9 


where  C 


is  the  set 


St 


of  all  D-continuous  functions 


12  D12 
:  (X,  Li,  L_ )  (i,  S]5  >2)  • 


(3.1)  Definition:  Fo] 


eacli  pair  of  sets  A  C.  X  ,  B  C  A  ,  let 


~(A,3)  =  (f  €  Y::  :  f(A)c  3}  . 

p— K  tooolom'r  on  Yx  is  the  pair  of  topologies  Vg  anc  Vg  wnich  cue 
venerated  bv  all  sets  of  the  form.  { K ( A , "  )  :  ’  6  S,}  aim  {K(.-. ,L)  .  E  €. 

(where  A  is  p-  compact)  respectively. 

Then 


(vX  :  1'2) 


is  said  to  be  a  o-K  topological  space.  Similarly  we  can  have  p-pointwise 
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convergent  topology  consisting  of  a  pair  of  toooloav  P- ,  i  =  1,2 


1  he  following  lemmas  are  frequently  used  in  the  sequel. 


(3*2)  Lemma ;  Ir  (X,  L  ,  L2)  is  p-'Iausdorff ,  then  every  non-empty 
p-compact  subset  K  C  X  can  be  expressed  as 


K  =  Ki  U  K2 


where  Kq  is  a  non-empty  Lq- compact  and  K2  is  a  non-empty  L2-compact 
subset  of  X. 


Proof:  Let  K  be  a  p-compact  subset  of  X  . 

Case  (i):  If  K  is  a  singleton  set  then  K.  =  K  and  1<2  =  K  are 

both  Lq-  and  L2-  compact  subsets  and  the  statement  is 
true : 


Case  (ii):  Suppose  there  exist  x,y  £  K  ,  x  j-  y  .  Since 

(X,  Lq,  L2)  is  p-Kausdorff,  there  exist  U  £  Lq 


md 


V  6  L2  such  that  x  £  U  and  y  £  V  with  U  r\  V  =  0  . 
Since  K  is  p-compact, 

K,  =  K  -  V  is  non-empty  Lq-compact, 


k2 


=  K  -  U  is  non-empty  Lo-conpact 


and 


KqU  K2  =  (K  -  V)  U  (K  -  U)  =  K  -  (IJ  r\  V)  = 


Similarlv  we  can  show: 
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(3.3)  Lemma :  In  a  bitopological  space  (X,  L2)  if  L} ,  L?  are  both 

Hausdorff,  then  every  non-empty  p-compact  subset  KC  X  can  be  expressed 


as 


K  = 


and 


K  = 


Kx  U  K9 


!  t 

*  u  k9 


*1 


I  » 


where  Kj_,  K2  are  non-empty  L^-compact  and  1C,  are  non-empty  L2- 
comoact  subsets  of  X  . 


Remark:  The  above  lemma  implies  that  a  p-compact  subset  K  is  compact 

subset  with  respect  to  whenever  each  is  Hausdorff  for  ,  i  = 

1,2  . 

a  bitopological  space  (X,  L^,  L2)  ,  if  C  is  L.- 
,  and  KC  X  is  p-compact,  then 

T  =  0  r\  K 

is  a  p-compact  subset. 


(3.4)  Lemma :  I  n 

closed,  i  =  1  or  2 


Proo 

X  * 

If 

T  =  C 

n  K  =  0 

assume 

T  t 

0  . 

let  (U; 

V  € 

l2 

and 

Lp(  V) 

is  the 

Tc 

u 

ie  A 

u  V)  , 

Xv’here 

Case  (i):  If  C  is 


,  then  the  result  is  obvious  and  therefore  we 
U  V}  be  an  Lp( V)-covering  of  T  ,  where 
adjoint  topology  of  L1  with  respect  to  V  . 
A  is  an  index  set  and  T  f\  V  i  $  . 

Li-closed,  then  {(CcU  LL)  U  V}  is  an 


. 
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bp(  V)-covering  of  K  with  V  H  K  t  0  .  Since  K  is  a  p-compact 
subset  of  (X,  ,  L  2 )  there  exists  a  finite  subcover 

n 

KC  U  (CcU  U*-r)0  V  ■ 

j=l 

v/hich  implies 

n  n 

T  =  K  A  C  c  U  [ (Cc  U  U.  )  U  V]  ACC  U  (U.  U  V) 

1  1  1 

Therefore  T  is  a  p-compact  subset  of  X  . 


Case  (ii)  is  similarly  handled. 


l12 

From  now  on  we  consider  only  the  set  C  .  Concerning  the 

n 

13 12 

relation  between  the  p-K  topology  and  the  K-topology  we  have  the 
following : 


(3.5)  Theorem:  If  (X,  Lp,  L^)  is  a  bitopological  space  that  both  Lp 

and  l>2  are  Hausdorff,  then 

^  c  ^  ,  i  =  1,2 

where  Km  is  the  compact  open  topology  on  the  set  of  all  continuous 
functions  on  (X,  Lp)  to  (Y,  Sp)  . 


Proof:  Let  K  be  a  p-compact  subset  of  X 
where  Kp  is  Lp-compact,  i  =  1,2  ,  and  K 
i  =  1,2  .  For  any  K(K,V)  £  dp 


Then  by  (3.3)  K  =  Kp U  K2, 


XX 


f 

1 


u 


2  » 


with  L2-compact 


K(K, V)  =  K(Kp,V)  ^  K(K2,V) 


■ 
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where  V  £  S^,  which  implies 

K(K,V)  £  k^(K- topology)  . 

We  have  a  non-trivial  example  which  show  the  above  inclusion 
relation  are  strict. 

(3,6)  Example :  Let  X  be  R  (the  set  of  all  reals).  is 

generated  by  {(a,b)  and  [2, a)  where  a,b  £  R>  and  L is  the  usual 
topology.  Then  [1,2]  is  a  compact  subset  in  L2  but  is  not  p- compact 
which  can  be  seen  by  considering  Lp([2,3)).  ITovr  (X,  L-,  ,  L^)  is  p-Tp 
and  each  is  flausdorff  for  i  =  1,2  and  has  an  Lp-compact  subset 

which  is  not  p-conpact.  If  (Y,  S-j ,  Sp)  is  any  bitopological  space  then 
K([1,2],V)4  k2  -  f2  for  V  €  S2. 


(3.7) 


Theorem : 


If  (X,  L] ,  Lp)  is  p-compact  and  L*  is  Xausdorf 


i  =  1 , 2  ,  then 


'di  =  9  for  i  =  1,2  . 


Proof:  Dv  the  previous  lemir 

■»  yr: 

we  have  only  to  show  that 

Ki  cl 

V'  •  • 

Consider  X(C,U)  where  U  6 

0 

-i 

and  C  is  L,-  -compact . 

Then 

C  is 

L. -closed  by  (2.13)  (recall 

th 

at  X  is  p-Mausdorff)  . 

Thus 

C  is  p 

compact  by  Corollary  (2.11)  which  implies  that  h(C,V)  £  VP  • 

Since  everv  sinnlcton  is  a  p— compact  we  have  cue  lOilo.ing t 


Theorem : 


The  pairwise  poir.twise  conver  ent  topology,  denoted  by 


(3.8) 


< 


i 
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p-  Ptopology,  is  contained  in  the  p-K  topology. 

Thus  we  have  the  following  relation: 


Pn*  cz  ct  <p  (where  is  generated  by  the  subbase 

{(X,U)  =  { f  f  Ya :  fOO  €  U  S  S ^ }  )  provided  L^  is  Hausdorff,  i  =  1,2  . 


(3.9)  Definition :  Let  (Y,  S^,  S^)  be  a  bitopological  space  generated 


by  a  p-q  metric  p  and  its  conjugate  q  .  Then  (f  c. 


nJ  1 


n 


J12 


is  said 


S 


12 


to  p-converge  to  f  €  Yx  uniformly  on  p-cornpact  sets  iff,  for  each 
p-compact  set  C  ^  X  and  e>0  ,  there  exist  N  =  M(C,e  )  such  that 


p(f(cp) ,fn(cp) )vq(f(cq) ,fn(c^) )  <  e  for  all  n  >_  N  and  for  all 
ci  £  C  . 

The  following  is  a  generalization  of  Arens’  theorem  . Ll J  on 
sequential  convergence  in  the  K  topology. 


82 )  be 

quasi  metric  and  let 

Si  be 

Ll2 

L12 

{fiJl  C 

C  p-converges  to 

f  €  C 

c 

b12 

s12 

Hausdorff  for  i  =  1,2  . 


uniformly  on  every  p-compact  subset  iff  f n  ->  f  in  the  p-K  topology  o: 


L 


12 


'Sl2  ‘ 


Proof:  Assume  {f  p-converge  to  f  .  uniformly  on  every  p-compact 

subset  of  X  .  Let  f  €  K(C,V0  where  V  6  Sj_  (we  have  an  equivalent 

result  for  V  £  S9)  ,  which  implies  f(C)  c:  y  .  fince  C  is  p-compact 
f(C)  is  d- compact  and  f(C)  is  closed  and  compact  in  »  i  -  !»■-  » 
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by  (2.12)  and  the  remark  following  (3.3)  .  Therefore  we  have  ep  >  0  , 
i  =  1,2  ,  such  that 

p(f(C) ,  Vc)  =  Cp 
q(f(C),  Vc)  <_  e 2  . 

Let  e  =  ep  £  2  an^  ^  =  N(C,e)  ,  Then  for  all  n  >_  H  ,  we  have 

p(fn(ci) ,f(ci))vq(fn(ci) ,f(Ci))  <  e 
for  all  cp  e  C  ,  which  implies 

fn  €  K(C,V)  for  all  n  _>  N  . 

Hence  fn->  f  in  the  p-K  topology. 

Conversely,  for  a  p-compact  subset  K  in  X  ,  f(K)  is  a 

L12 

D-compact  subset  in  Y  for  any  f  (  C„  .  Since  Y  is  a  Hausdorff 

s12 

space,  f(K)  is  Sp-compact  by  the  remark  following  (3.3)  i  =  1,2  . 

Now,  for  each  cp  €  K  ,  consider  Pp(f (cp)  ,^-)  =  (y  :  p(f(cp),y)  <  pr  }  and 
Qp(f(cp),JO  =  {y  :  q(f(cp),y)  <|-}  . 

Since  (Y,  Sp,  Sp)  is  a  quasi  metric  space,  it  is  a  p-regular 
space  by  (1.9).  Therefore  there  exist  lb  c  Ep  c  Pp(f(cp),jp)  and 
Vi  c:  Di  c  Qp(f(cp) ,  L)  where  f(cp)  £  Up  €  Sp  and  Ep  is  an  S2~closed 
set  and  f(cp)  €  Vp  £  S2  and  Dp  is  an  Sp-closed  set. 

By  (3.4) 


4 


- 
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Kjl  =  K  n  f  1(e1  ) 


K 

K 


K  n  f"1(En) 
k  r\  f-1(D1) 


Kjn  K  n  ^  ( Djrj ) 


are  p  compact  subsets  in  (X,  Lp,  L2)  and  the  conroactness  os  f(K) 
allows  us  to  cover  f(K)  with  a  finite  number  of  S  and  open  sets 


{Uf};  and  {V.}™  respectively.  Therefore 


K  =  K,  u  ...  UK 

1  n 


=  Kp  u  ...  UK 


hn 


where  Kp  ,  i  -  l,...,n  and  Kp  ,  i  -  l,...,m  ,  are  p-compact  subsets  of 

X  . 

Consider  U  =  lc(Kp,P  )  a  ...  A&  ,Pn) 

V  =  K(Kp,Qp)  a  ...  AK(4#Qm) 

where  Pp  is  a  p-sphere  of  radius  4=-  about  f(cp)  and  0.*  is  a  q-sphere 


i- 

Z 


bout  f(cp) 

and 

and  V  are 

1 

0 

or 


f  with  respect  to  i^p  and  ^2  >  respectively,  which  implies  there 
exists  N  such  that  for  n  >  H  ,  f  €  U  r\  V  .  If  x  €  K  then  x  £  K. 
for  some  i  and  if 


fn(x)  C  PjAQ, 
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then 


p(fn(x),f(:0  V  q(fn(x) ,f(x) )  <  £ 


(3,11)  piano le :  he  have  a  nontrivial  (i.e,  nonmetric)  quasi  metric, 

bitopological  space  (Y,  Sj_,  S2)  such  that  each  Sq  is  Hausdorff,  for 
i  =  1,2  ,  which  is  defined  as  follows: 

& 

d(x,y)  =  min  (1,  |x-y]  )  for  all  x,y  €  E  (the  set  of  all  reals) 


p(x,y)  = 


f  d(x,y) 


1 


ir  x  <  v 


if 


x  >  y 


q(x,y)  = 


d(x ,y) 
1 


if 


V  >  \T 

A  y 


x  <  v 


The  topology  S-^  determined  by  p  is  the  topology  for  R  which  has  a 
base  the  family  of  all  half  open  intervals  of  the  form  [a,b)  ={x:a  <  x  <  b}, 
while  S9  is  determined  by  q  with  base  all  half  open  intervals  of  the 
form  (a,b]  . 


(3.12)  Example:  If,  in  the  hypothesis  of  (3.10),  we  assume  a  p-q 

metric  instead  of  ouasi  metric  T0  snace,  then  the  statement  is  not  true 

As  a  counter  example  consider  X  =  Y  -  R  (the  set  or  all  reals),  ow 

Ln  =  Pi  is  the  tooolo-v  generated  bv  the  base  consisting  of  all  sets  of 
li"  - 


the 

form  (-c°,a) 

'■y  • 

y  < 

,  while 

l2 

=  C  1*0 

generated  by  the  base 

cons 

isting  of  all 

sets 

(a,co) 

=  (y:  a  < 

-.T. 

y-f 

.  Then 

(",  s1,  s2)  is  s 

p-q 

metric  space 

gener 

a ted  by 

n:  p(x,;, 

0  = 

0  if  \ 

■  £  x  and  n(x,y)  = 

|x-y 

|  if  y  >  x 

and 

q. 

conj  ugate 

of 

P  ♦ 

' 


27 


Define  the  sequence  {f„}^  by 


n 


-p 


n 


,  ,  1  _ 

(k)  -  x  +  -  for  all  x  €  X  . 


fnc.n  ^ J-'n ^  1  p-converges  uniformly  to  f  -  1  (identity  nap)  on  every 
p-cornpact  subset  of  X  .  However, 


f  e  K(  ( -co, a) ,  (-co  ,a) )  6  b- 


while,  for  any  r  ,  f  n  ^  K((-a>,a),  (-cc,a))  when  a  i  oo  i.e. 


f 

n 


in  the  p-K  topology. 


Jl2 


( 3 . 13 )  Theorem :  (Cp  '  ,  bj  ,  b2)  is  p-T0  p-Tp,  or  p-T2  ; 


wne never 


12 


(Y,  Sp ,  )  is  p-T0,  p-T,  ,  or  p-T^ ,  respectively.  (For  definition 

refer  to  [15]) 


Proof:  Since  p-TQ,  p-Tj  can  be  shown  analogously,  we  show  only  th 


case  of  n-T 


1 2 


^12 

Let  f,g  €  Cr  and  f  t  g  .  Then  there  exists  an 
-12 


x  6  X  such  that  f(x)  i-  g(x)  .  Since  (Y,  S^,  S2)  is  p-Hausdorff, 


exist  U  €  L.  and  V  £  L •  such  that 
i  ] 


(x)  £  V  ,  f (x )  £  U  and  U  r\  V  =  0  . 


Thus  K( x ,U )  and  <K(x,V)  are  disjoint  neighborhoods  of 


r  and  g 


in  b |  and 


1  p .  ,  respectively,  i  i  j  ,  i,j  -  1,2  . 


e 


there 


' 
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J12 


(3.14)  Theorem:  (C^  ,  ij>p,  i-3  P-regular  whenever  (X,  L^,  L2) 


is  p-compact  and  L • -Hausdorff  with  respect  to  i  =  1,2  ,  and  (Y,  S-,  ,  $2) 
is  p-regular. 


Proof:  By  Theorem  (3.7)  «J>. 


=  <i  ,  i  =  1,2 


Consider 


f  e  K(K4J)  e  dp 


where  K  is  Lj -compact  and  U  €  Sp  .  Fow  f(K)  is  S p- compact .  ror 

each  xp  €  f(K)  we  have 


x-  e  V  c  C  c  U 

1  xi  xi 


where  V  is  S--open  C  is  S- -closed.  Since  f(K) 

H  1  xi  3 


Sp  we  have 


is  compact  in 


n 


n 

f(K )C  U  V  =  V  e  S.  . 

1  xi 


Let  y  C  =  C  .  Then  C  is  Sj -closed  with  C  C  U  . 


Thus 


r(K)  c.  v  d  c  c  u 


Suppose  g  £  C„12  and  g  $  K(K,0)  .  Then  there  exists  x  £  K  such  that 


'C 
°12 


g(x)  i  U  .  Consider  ~(x,Cc)  .  Since  x  is  p-corcpact  and  S  S.  , 

then  K(x,Cc)  £  i>,  with  g  £  K(x,Cc)  but  K(K,V)  c  K(K,U)  ar.d 

j 

K(K,V)  £  ^p  ,  and 

# 

K(x,C°)  rv  K(K,V)  =  0  • 


Hence  if  g  lj.  t(K,U)  then  g  $  K(K,V)-  and  the  result  is  proved. 
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L 


12  . 


(3.15)  Corollary ;  With  topology  < . ,  the  space  Cc  is  p-Toi 


?-12 


p 


-T1#  or  d-T2  whenever  (Y,  S1#  S2)  is  p-Tr  ,  d-Tj^ 
respectively . 


or  p-i2, 


,s 


(3.16)  Corollary:  With  the  K  topology,  the  space  C^  is  Tn,  Tn  or 

“  n  '  i_j  X 

?2  whenever  (Y,  S)  is  TQ,  or  T^,  respectively. 


L 


12 

(3.17)  Corollary:  With  the  K  topology,  the  space  Cc  is  p-regular 


’12 


whenever  (Y,  Sj ,  S2)  is  p-regular, 


(3.18)  Corollary:  With  the  K  topology,  the  space  C  is  regular 

whenever  (Y,  S)  is  regular. 
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CHAPTER  4 


( 1'2 )  -CONNECTED  •  OPEN  TOPOLOGY 


As  a  generalization  of  the  connected  open  topology  which  was 
initiated  by  Irudayanathan  and  Naimpally  [9],  we  consider  the  (12)- 
connected  open  topology  which  is  denoted  by  C'^  •  First,  we  discuss 
some  definitions , theorems  and  notations  which  will  be  used  in  the  sequel 


(4.1)  Definition:  In  a  bitopological  space  (X,  Lq ,  L9)  a  pair  (A,B) 

with  A ,3  C  X  is  said  to  be  (12) -separated  iff 


A  A  B  =  A  ^  3  =  0 


where  A  is  the  closure  of  A  and  B  is  the  L2-closure  of  B  . 


Remark:  If  Lq  C  L2  then  every  (12) -separated  pair  is  L2-separated. 


(4.2)  Lemma:  In  a  bitopological  space  (X,  L  ,  L2),  (A,B)  is  (12)- 


separated  iff  there  exist  WD  €  L^  ci 


l1 

nd  \1Q  e  L0  such  that  A  c.  and 


B  c  VJ  with  W  a  B  -  0  and  VI  A  A  -  0  . 

PH  1' 


Proof:  Assume  (A, 3) 

and  A  A  B  =  0  implies 


W  =  ( 3 )C  . 


.s  (12 ) -separated.  Then  AaB=AAB=0 
(X)C3  B  and  (A)c  C\  A  =  0  .  Let  (A)c  =  W 


Similarly 


* 
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Conversely , 

ass 

ume 

W  6  L0  such  that  A  c  W  and  Wn  p  B  =  0 

q  z  a  q 

Then 

Uc 

q 

B  . 

But 

t.tC 

"q 

is 

Lo-closed  which  implies  B  ,  while 

A  . 

This 

Ac  D 

we 

"q 

and 

Ac  T)  B  .  Therefore 

A  r\  B  =  0  . 


S ini lari v 

■j 


A  A  B 


0  . 


(4.3)  Definition :  1  bitopological  space  (X,  L^,  L^)  is  (12)- 

connected  iff  X  is  not  the  union  of  two  non- void  (12) -separated  subsets. 
Similarly  we  can  define  ( 21)-connected  and  extend  the  definition  to  p- 
connected . 


(4.4)  Definition:  (X,  L-,  ,  L0)  is  said  to  be  p- completely  normal  iff 

for  every  ( 12) -separated  pair  (A, 3)  there  exist  L^-open  set  U  A  and 
IJl“°?en  set  V  B  such  that  U  f\  V  =  0  . 


With  the 


above  definition  we  have 


(4.5)  Theorem: 
X  is  p-normal. 


i 

is  p-cornpletely  normal 


iff  every  subset  of 


Proof:  Suppose  X  is  p- completely  normal  and  V  c.  X  . 


Let  F^  a nd 


be  disjoint  closed  (relative  to  O  in  L^  anc  n2  } 


respectively . 


Then 


Ly 

ri  ^  A  =  “i 


r  T 

W  Uv 

_  '1  _  -2 


A  F2“(Xr\Fy)f'r’2_^l  ^  " 


1 


A  F2  =  0 


. 
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L 


where 


is  the  Lj-closure  of  F 


Y. 

1 


and  F  denotes  the  Lv  -closure 

'  i 


of  F  .  Similarly, 

we  can  show 

Ft  n  r  = 
1  "2 

0  which  implies  ( F -j  , 

f2) 

is  a  ( 12)-separated  p 

air  of 

x  f 

• 

3't  p-conp 

lete  normality  there  ex 

1st 

disjoint  sets(L* -open 

\  n 
)  oX 

and  ( L 

2-open)  G2 

containing  Fn  and 

Fl> 

respectively*.  Then 

Y  A  Gj_  and 

y  r\  g2 

are  disjoint  Lv  ,  L 

*  1  ‘2 

open  sets 

of  Y  which  contain 

F2  and  F1 

,  so  that 

Y  is  a  p-normal. 

Conversely , 

let  ( A , B ) 

be  a  (12) 

-separated  pair,  i.e. 

(A  r\  B)  U  (A  A  B)  =  0  . 


Let  Y  =  (A  A  B)c  . 


Then  (Y,  Lv  ,  Lv  )  is  p-normal  by  assumption.  Since 
*1  *  2 


Y  n 

A  = 

(A°  U 

3C) 

a  7T  = 

5C 

-L.i 

A  A 

Y  Pi 

,  B  = 

(Xc  o' 

ic) 

A  i  = 

n 

A  § 

Y  r\  A 

and 

Ya  3 

are 

dis 

;  joint 

and 

LY: 

-closed 

2 

set 

s,  respectively/. 

There f 

ore ,  t 

here  e 

xist 

U 

A  Y  = 

uv  e 

Y 

Lv 

X1 

and 

V  A 

Y 

=  vy 

£  Lv  such  that 

(Y  A  3 

)  C  uv 

I 

and 

(Y  < 

A  A) 

•cvy  , 

where  L 

!ya 

VY  = 

0 

• 

But  TJ  a  (A  A  §)c 

C 

ii 

(7°  u 

b  ; 

UY  = 

U  A 

t  r  _ 

1  “ 

(UA  I 

c)  u 

$ 

(U  A 

A°) 

whe 

re 

U  € 

L1 

VY  = 

V  a 

V  — 

J. 

(V  A  3 

c) 

(V  A 

A°) 

where 

v  e 

L2 

Since 

(U  a 

lc)  r\ 

F  — 

D  - 

0  , 

U  _  (Y  A  B)  implies  (UA  A“)  3  (Y  ) 
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and 


v  3  (Y  a  A)  implies  (VA  3°)  3  (Y  n  A)  . 


vC 


Since  U  £  L  and  A  e  L.  U'  =  U  A  A°  £  L,  and  U  3  u»  , 


1 


1 


V 


Similarly  V’  =  V  r\  §c  €  L?  and  V„  3  V*  .  Since  Uv  a  Vv  =  0  ,  this 

^  Li 

implies  U’  A  y'  =  0  .  Consider 


Y  A  B  =  ( A°  U  BC )  r\  3  =  A°  ^  B  . 


But  A  A  3  -  0  so  that  A"0  3  B  ,  Therefore 


A  A  B  3  B  and  U '  =  U  A  A  3  ( Y  A  B )  =  A  n  3  3  B  . 


Similarly , 


'/’  3  (3CA  A)  3  A 


(4.6)  Definition:  (Y,U,L)  is  said  to  be  a  semi  continuous  bitopological 
space  iff  U  is  generated  by  {(-o©  ,a)  }  and  L  is  generated  by  {(a,co  )} 
where  Y  is  the  snace  of  reals  and  a  is  any  real  number. 


(4.7)  Lemma:  Every  subspace  of  a  p-q  metric  space  (X,  P,  Q)  is 

a  p-q  metric  space. 


(4.8)  Theorem:  A  p-q  metric  space  (X,  p,  Q  )  is  p-completely 

normal . 


Proof:  By  Theorem  (1.9)  a  p-q  metric  space  is  p-normal,  and  by  the 


above  lemma  every  subspace  of  a  p-q  metric  space  is  p-q  metric 


fe  1 
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space  also.  Therefore  every  subspace  is  p-normal,  and,  so  by  Theorem  (4,5) 
we  have  p-complete  normality  for  X. 


(4.9)  Lemma:  If  in  a  bi topological  space  (X,  L  ,  L  )  a  subset  A  is 

( 12) -connected,  then,  for  any  f  £  ,  f(A)  is  (12) -connected  in 

b12 

(n  s  ,  sp  . 


Proof:  Assume  f(A)  =  U  u  V  where  U,V  are  non-empty  and 


— S] 
u  ^ 

V  =  U 

=  0 

where 

S. 

u  1 

denote  Sp- 

closure  of  U  .  By  (4.2) 

there 

exist 

W  6 

p 

h 

and  W 

q 

6  s2 

such  that 

U  c  \1  and  V  c  W 

H  Jr 

where  W  r\  V  =  W  r\  U  =  0  which  implies  f  X(bT>)  6  L,  and 
q  p  PI 

f~h-L)  6  L0  with 

U 


f“1(WD)  n  f_1(U)  =  f"1(VJ  )  r\  f  1(v)  =  0 

where  f  X ( W  )3  f  '  (V)  and  f  (:>J  )  O  f  (U)  .  Therefore 
p  9 

f_1(U)u  f“X(V)  =  f_1(U^  V)  =  A  is  (12)  -separated  which  contradicts 
the  assumption. 


(4.10)  Definition:  For  each  ( 12) -connected  subset  K  of  (X,  L,  ,  L2) 


and  U  €  Sx  ,  V  €  S0  in  (Y,  Sp,  S?)  ,  let 


c ( k , u ,  v)  =  {f  e 


v 


: f (K)  c  U  u  V,f(K)  r\ 


f  1 
U 


0 


:G  )  r\ 


v,u 


1 


and 


The  topology  C , 2  generated  by  the  subbase 
( 12) -connected  open  topology  and  is  denoted 


{ C  ( K ,  U ,  V ) } 
by  (YX,Cp) 


is  called  a 
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[;le  use  the  following  notations  for  further  discussion: 

,  .  -2  Ll2 

ti)  C  -  the  set  of  all  p-connected  mappings  (i.e, 

b12  “ 

mappings  which  preserve  p-connectedness  ) 


:(X,  LlS  L2)  ->■  (Y,  Sv  S2) 


-2  L 


(2)  C  =  the  set  of  all  connected  mappings 


f :  (  X ,  L),  -»  (Y,  S) 


(3)  C 


-2 

12 


the  set  of  all  (12) -connected  mappings  (i.e. 
mappings  which  preserve  ( 12 ) -connectedness  ) 


f:(X,  L1#  L2)  ->  (Y,  S 


Is  Sp) 


(4.11)  Theorem:  If  (Y,  S^,  S  )  is  p-completely  normal,  then  Cj 


o 

— 


12 


V 

.A 


closed  in  (Y“,C-,2)  . 


is 


tog.-  : 


.updos e 


V 


-2 

is  a  limit  point  of  but  f  tC,„  . 

*  12  r  1  ' 


-2 


i  nen 


there  exists  a  (12) -connected  set  K  c.  X  such  that  f(K)  is  not  a  (12)- 
connected  subset  of  (Y,  Sj)  .  Since  Y  is  p-completely  normal, 

there  exist  non-empty  disjoint  sets  S. -open  U  and  S0-open  v  such  that 

f (K)  c  u  u  V  ,  f(K)  a  U  i  0  t  f ( K )  a  V  . 


-2  -  2 

Since  f  is  a  limit  point  of  C12  ,  there  exists  age.  C-^  such  that 


€  ~(K,U,V)  where  cf(K,U,V)  is  an  open  neighborhood  of  f  in  C 


12  • 


So  ,g(K)  c  U  u  V  with  g(K)  a  U  t  0  i  g(K)  A  V  . 


But  U  A  y  =  0 


' 
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which  is  a  contradiction.  Therefore 


_o 

'12 


and  the  result  is  proved. 


(4,12)  j. neorem :  Ir  a  is  &n  interval  "it’n  the  usual  topology  and 

(  ■  >  ,;i  »  12  a  serti  continuous  bitopological  space,  then  the  pointvise 

convergence  (or  i  =  1,2)  topology  is 


•<*»  To.j 


1  t; 


smaller  than  C-^  . 


Proof:  By  (4.9) 

l12  _o 

Cc  c  r  . 

-12 

by  2 

How  Cr 

O  ■»  n 
.  ✓ 

— - 1— 

is  dense 

in 

P.(i 

-L 

respectively,  b ut 

(Y,  Sls  S2) 

is  a  p-conpl 

.eteiy  norr 

~al 

space 

of  Theorem  (4,3). 

By  The or am ( 

4.11),  Cp 

is  closed 

in 

C12 

rience 


the  theorem  follov7S. 


(4.13)  Definition :  (X,  L-.  ,  L^)  is  said  to  be  bi-locally  connected  if" 

(X,  Lp )  and  (X,  Lp)  are  locally  connected. 


With  the  above  definition  we  can  construct  a  topology  which  is 

r 

"12 

comparable  with  p- compact  open  topology  on  .  However,  we  will  not 

D12 

discuss  it  here  and  the  relation  between  p- comp act  open  topology  and  p- 
connected  open  topology  is  considered  in  the  next  chapter. 
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CHAPTER  5 


p-COMNECTED  OPEN  TOPOLOGY 


In  Chapter  4  we  discussed  one  or  the  generalized  forms  of 
connected  open  topology.  Nov;,  in  this  chapter  we  consider  another 
generalization  in  the  bitopological  sense  and  discuss  mainly  the  separation 
axioms  and  the  comparison  with  other  bitopological  function  spaces. 


(5.1)  Definition: 


y 

p-connected  open  tocology  on  Y  ‘  is  defined  with 

x  i-  OJ 


the  subbase 


X 


Ci(K,U,V)  =  (f  €  Y  :f(K)  C  U  U  V,  f(K)  A  rj  f  0  ?  f(K)  A  V  } 


where  U,V  £  S.  ,  i  =  1,2,  and  K  is  a  p-connected  subset  of 


-P  Y 


and  if  F,*  is  generated  by  {C-(K,U,Y))}  then 


( vA  r  r  'i 
v  -i  ,  i  j  1  2) 

is  said  to  be  a  p-connected  ooen  bitopoloncal  runction  space . 


.T 


(5.2)  Theorem:  (Y‘,  T^,  F2)  is  p-TQ  ,  P“Lp  j 


or  p-: 


whenever 


Y  is  p-T0  ,  p-Tp  ,  or  p-T2  ,  respectively. 


Proof:  We  give  a  proof  for  the  case  Y  is  p-^2 


£  Y“  and 


f  ^  a  then  there  exists  an  x  £  X  such  that  f(x)  i  g( >' )  •  Since  'i  is 


p-T0  ,  we  have  U  £  S_L  and  V  e  S2  such  that  f(x)  £  U  and  g(x)  4  V 
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with  U  n  V  =  0  .  Since  a  singleton  is  a  p-connected  set  C^(x  ,U,U)  e  F^ 
C 2 ( x  ,V,V)  €  r9  where 

C-,_(x  ,U,U)  f\  C2(x  , V } V )  =  0  . 


,X 


(5.3)  Theorem:  (Y/  ,  ,  T is  p-regular  whenever  (Y,  S^  ,  S2)  is 

p-regular . 


n 

_  r\ 


since 


Proof:  Consider  a  F  -nbhd  of  f  ,  U(f)  =  C  ( K  p ,  U.,  V.)  £  F  . 

— —  1  J  1  1  x  ’  1 5  1  ^  1 

Y  is  p-regular  there  exist  U !  » V !  £  Sn  and  S  -closed  sets  D,*  and  E. 

0  i*  1  1  2  1  1 

such  that 


U|  c  Di  c=.Ui 


V!  c  E}  c.  V! 


Suppose  5  ^  U(f)  which  implies  there  exists  an  i  such  that 

(1)  ^(K.)  tu.u  V.  or 

0  1  v  1  1 

(2)  either  gCK^)  o  LI  U  and  g(Kj  )  C  U.  =  0  or 


i(k ,)r\  v.  =  0 


Without  loss  of  peneralitv  we  can  assume,  there  exists  an  i  such  that 
X  £  K.  and  g(x)  £  U-  ,  which  implies  g(x)  £  Dp  ,  i*e.  g(x)  6  Fb  &S2 


n 


1  t 


Consider  C9(x  £  F„  and  let  V(f)  -  O  C^(  K.  ,Lb  ,  v ^ )  6  1  i_  • 


c  _c 


V(f)  r\  C  (x  ,Di',Di)  =  0  . 


• 

' 


■ 
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To 


Hence  f  £  V(f ) C  V(f)  c  U(f)  . 

Further,  assuming  U(f)  £  ,  we  have  an  equivalent  result 

p-regularity  is  proved. 


Therefore 


(5.4)  Theorem:  If  (Y,  S^,  S2)  is  a  bitopological  space  then 


p.  cr.,  i  =  1,2  . 


Proof:  A  subbase  for  the  P.  is  the  set  (x,U)  where 

— — -  1  s 


( x , U )  =  {  f  £  Ya:  f(x)  e  U  €  S.  ,  i  =  1,2  }  . 


But  (x,U)  =  c.(x  ,U,U)  $  I\  ,  i  =  1,2  . 


(5.5)  Theorem:  If  a  bitopological  space  (X,  ,  L2)  is  both  Hausdorff 

and  bilocally  connected  then  c  ^  ,  for  i  =  1,2  . 


Proof:  Let  K(K,U)  $  10  .  Then  h  €  K(K,U)  implies  h(K)  d  [ J  £  S. 

Since  K  is  L—compact 

n 

K  C.  (  U  Wt ) 


1 


where  W .  £  L .  W  c. 
t  1  *  t 

connected  set  in 
then 


-1,, 


/Ti)  ,  t  =  1,2,...  n  ,  where  !\  is  non-empty 


n 


A  (W  ,  U,  U)  £  T.  and 
1 


n 


r\  (W  ,  U,  U)  c  K(K  U)  . 
1  1 


5 


(5.7)  Corollary :  If  a  bitopological  space  (X,  L-,  ,  L^)  is  p-Hausdorff 

and  both  is  Hausdorff  then 


'p: 


Proof: 


See  (3.5)  and  (5.6)  . 
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CHAPTER  6 


BIGRAPH  TOPOLOGY 


The  graph  topology  was  initiated  by  Naimpally  [16]  for  the 
purpose  of  studying  almost  .continuous  functions.  In  this  chanter  we 
study  it  in  the  bitopological  sense. 


(6.1)  Definition:  f  c  Yl  is  said  to  he  almost  continuous  in 


(X,  L)  x  (Y,  S)  iff  for  each  open  set  U  €  L  x  s  containi: 


C(f)  =  { ( x . f ( x )  :  x  $  X} C  X  x  y 


there  exists  a  g  £ 


l 

such  that  C(g)  c  TJ  . 


Notations:  (1)  a|'  will  denote  the  set  of  all  almost  continuous 

functions  in  L  x  s  , 


(2)  For  each  U  £  L  x  S  ,  let  Grj  =  (f  £  Y“  :  C(f )  C  U) 


(6.2)  Definition:  The  topology  Gy  x  q  on 


V 


Ye  extend  the  above  definition  to  bitopological  space. 


(5.3)  Definition:  Let  (X,  L,  ,  L  )  end  (Y,  S  ,  S,)  he  bitopological 


spaces , 


and  let 


- 
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G, 


H  xS 


=  :  U  €  Lp  x  S),  1=  1,2  . 


Then 


- — J_I12 
Gc 

u 


(yA  c  R  } 

L1  b  l2  b 


is  said  to  be  a  bi graph  topology  on  YA  generated  by  and  L0  , 


and 


y 

n  -  ( v  n  r 

^  >  -]•  x  S  *  °T  x  g 

bl2  L  °i  L 


is  said  to  be  a  bi graph  topology  on  Y“  generated  by  Sj  and  Sj 


T,T 


le  will  freouently  make  use  of  the  following: 


(6.4)  Theorem:  (Naimpally  [16]).  If  Y  contains  at  least  two  points, 

then  the  following  are  equivalent: 


(1)  (X,  1.)  and  (Y,  S)  are  T1  spaces 


(2)  (YX,  Gl  „  s)  is  g 


L 


(3)  (A“,  CL  x  g)  is  T, 


As  an  extension  of  the  above  theorem  we  have: 


(6.5)  Theorem:  (1)  (Y,  S1,  S  )  has  at  least  two  points,  then 


12 


=  <Y  >  Gr  x 


L  x  S-|  *  L  x  S2 


is  p-Hausdorff  iff  (Y,  Sls  S2)  is  p-Hausdorff  and  (X,  L)  is  TJ[  .  If 
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also,  (X,  Lq ,  L^)  has  at  least  two  points  then 


(2) 

~L12 

GS  = 

(vX  c 

W  ,  e 

L1 

X  S’ 

%  x  s> 

is  p-Hausdorff 

iff  (X, 

L  T,  ) 

1*  2 ' 

is  p 

-Hauscorff 

and  (Y, 

S)  is  T  . 

Proof:  Assume 

Gs 

12 

is  p-Hausdorff 

but  (Y, 

• 

5 

is  not  p-Hausdorff. 

Let  p , q  Y  , 

p  1  a  . 

Then 

every 

open  set 

°D  6  si. 

i 

intersects  every 

U  £  S0  where 

q  2 

p  C  0 

"  -P 

and  q 

£  U  . 

q 

Define 

f  or  £ 

such  that 

f(x)  =  p  and  g(x)  =  q  for  all  x  £  X  .  Then  every  open  set  containing 
C(f)  in  G  intersects  every  open  set  in  G  containing 

Lj  ^  c  J  "  I  •  *  b  2 

C(g)  which  is  a  contradiction.  Assume  (X,  L)  is  not  '  Tq  .  By 

Theorem  (6.4)  '"g^  and  are  not  Tq  .  Since  a  p-Hausdorff  space  , 

bl  b2 

r-'L 

is  T-,  ,  Gc  is  not  p-Hausdorff. 

1  °12 

Converse^,  assume  that  (Y,  Sq,  Sq)  is  p-Hausdorff  and  (X,  L) 

X 

is  Tq  .  Now  if  f  ,g  Y‘  and  f  i  g  ,  then  there  exists  a  €  X  such 
that  f(a)  i  g( a)  .  Since  (Y,  Sq,  S2)  is  p-Hausdorff  there  exist 
U  £  S1  and  V  £  S0  such  that  f(a)  £  U  and  g(a)  £  V  with  U  nV  =  0 
which  implies 

Wq  =  (X  x  U)  u  ((X  -  a)  x  Y)  e  Sq  x  L 

W2  =  (X  x  y)  \J  ((X  -  a)  x  y)  £  s2  x  L 

and  G  a  G„  =  0  with  C(f)  £-  and  C(S)  6  ''2  •  Therefore 
"1  "2 


is  o-Hausdorff. 


. 

. 
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To  prove  part  (2)  first  assume  (X,  L-,  ,  L 2)  is  not  P-Hausdorff, 
i.e.  for  a,b  £  X  ,  a  J-  b  every  open  set  containing  a  in 
intersects  every  open  set  in  that  contains  b  .  Let  p  t  q  ,  and 

p,q  £  Y  .  We  define  f,g  £  Y"  such  that  f(b)  =  q  ,  g(b)  =  P  j 
f(x)  -  g(x)  =  p  for  all  x  £  X  ,  x  i  b  .  Every  open  set  in  G  r 

L-j  x  o 

which  contains  GCf")  ,  intersets  with  everv  open  set  in  Gr  „ 

5  1  L2  x  S 

which  contains  C(g)  which  is  a  contradiction.  Further,  if  S  is 

i  ^ 

not  T.  then  *G^i  i  =  1,2  is  not  T-.  by  (6,4).  Therefore 
cannot  be  p-Hausdorff  which  is  a  contradiction. 


Conversely,  assume  that  (X,  L-,  ,  L2)  is  p-Hausdorff  and  (Y,  S) 


T- 


X 

,g  £  Y  ,  f  ^  g  ,  then  there  exists  a  p  £  Y  such 


is  ^  . 

that  a  =  f~~(p)  i  g  4p)  =  b  .  Since  X  is  p-Hausdorff  there  exists 

an  U  £  L-,  and  V,  £  L0  with  a  £  U  and  b  £  V  where  U  A  V,  =  0  . 

a  1  b  2  a  b  an 

Consider 


W.  =  (Y  x  U  )  U  ( ( Y-p )  x  X  €  S  *  L, 
1  e.  -i- 


W2  =  (Y  x  vb)  J  ((Y-p)  x  X  6  s  x  l2 


then  Gv  n  G  =  0  .  Furthermore  C(f)  C  and  C(g)  d  W2  . 


1 

Therefore 


^  12  X  x 

v  •  «•’  V*  .•  V* »’ 


is  p-Hausdorff, 


Since  f  and  g  in  the  above  throrem.  can  be  chosen  to  be  almost 


continuous  functions  we  obtain  the  following: 
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(^•6)  Corollary :  If  (Y,  S  S9)  has  at  least  two  noints,  then 

-  1  °12 

with  graph  topology  is  p-Hausdorff  iff  (Y,  S1 ,  S2)  is  p-Hausdorff  and 
(X,  L)  is  .  If,  also,  (X,  S^,  S^)  has  at  least  two  points,  then 


JJ12 

is  p-Hausdorff  iff  (X,  ,  L^)  is  p-Hausdorff  and  (Y,  5)  is  T1 


We  now  consider  to  D  =  the  set  of  all  first  kind  of  discontinuou 

J_ 

functions  in  the  following  way.  For  f  £  D  let  f  denote  that  function 

f'(x)  =  f(y)  for  all  y£  R  (reals)  .  Similarly  f  (x)  can  be 

y  x  “ 

defined  on  P.  . 


(6.7)  Definition:  (Alraost  first  kind  of  discontinuous  functions 


iff  £ 


or  any  omen  set  Ik  €  L.  *  S  , 


! q  tnere  exiscs 


(A.F.K.D))  f  e  { A . r , K « D . } 

i  =  1,2  and  1=  1,2  ,  such  that  C(f)  C  ,  C(f)  C. 
g  £  D  such  that  C(gT)  C.  U,  ,  C(g  )  C,  U0  where  Y  =  R  (reals) 

_L  *— 

with  the  usual  topology  and  X  3  R  with  =  {[a,b):a,b  £  f}  while 

I>9  =  {  ( a , b ]  :a,b  £  p)  . 


We  construct  an  examnle  which  is  A.F.K.D. 


(6.3)  Example 


is  defined  as  follows: 


f  ( x )  3 


.  1 

sm  - 

■v 

*  v 

1 

for 

x  > 

0 

2  t  sin 

X 

for 

>:  < 

0 

1 

for 

x  = 

•) 

\ 

defined 

in 

Def init 

ion 

(6.7) 

Also  ue  have  the  following. 


. 


(G.9)  Corollarv :  The  fam.ilv  c 


with  trio  tocologies  in  (6.7) 


L 


is  closed  in  G 


12 


Now  we  discuss  the  relationship  between  different  function 


soace  tocologies. 


(6.10)  Theorem.:  If  (X,  L0 )  is  u  -  Nous  dor  ff ,  then  p-?  topology  is 

contained  in  the  bigraph  tonologv  venerated  by  Ln  and  L„  . 


Proof:  Since  (X-,  Lp,  L9)  is  p-Hausdorff,  a  singleton  is  closed  in 


h  • 


=  1  9 


Therefore 


W  =  (X  x  u)  U  ((X  -  a)  x  y) 


is  open  in  Lg  x  S  ,  i  =  1,2  ,  and 


Cv  =  [a,U]  =  (f  f  Y  ’ : ? ( a )  c.  U}  . 


Therefore  P.C-G  0  , 
l  L ;  x  s 


1,2 


(6.11)  Thcorer.i :  If  (X,  L,  ,  L  )  is  p-Nausdorff,  then  the  graph 

contains  compact  open  topology  k.  . 


topology  G  c 

*  1  •  XN  O  • 


Proof: 


Consider  f  €  K(K,U)  =  {  f  f  Y'\f(N)  c.  U  €  S. 


is  L* -compact } . 


Since  X  is  p-Hausdorff,  K  is  L_j -closed .  net 


V  =  (Xx  u)  u  ((X  -  1<)  x  Y)e  L- 


x  S. 


Then  G  =  K ( K , U )  . 


Therefore,  any  open  set  in  Km  is  an  element  o: 
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G 


Lj  x  H  ‘ 


(6.12)  Corollary:  If  (X,  L^,  L n)  is  p-Hausdorff  and  Hausdorff  with 

respect  to  ,  i  =  1,2  ,  then 


'h  C. 


n 


Li  x  S: 


Proof:  By  (2.12)  a  D-co'mpact  set  is  L. -closed,  i  =  1,2  .  Anply 

- —  -  *  i  s  ~  t  j 

a  method  similar  to  (6.11),  we  obtain  the  result  required. 


(6.13)  Corollary:  If  (X,  Li,  Lo)  is  p-Hausdorff  and  L* -Hausdorff , 

i  =  1,2  ,  then  we  have  the  following  relation: 


P  •  c  bi  C.  c=G 


L  •  x  S  - 


=  1,2 


Proof:  See  Lemmas  (3.5),  (5.10)  and  (6.11). 

If  a  topological  space  (X,  L)  is  compact  and  Hausdorff  then 

K,  =  G,  v  „  (See  [16])  . 

l  Li  x  Si 

Therefore,  we  have  the  following. 


(6.14)  Corollary: 


If  (X,  L1#  L2)  is  p-compact  and  p-Hausdorff  and 


-Hausdorff  i  =  1,2  , 
p-compact  open  topology 


then  the  bigraph  topology  coincides  v/ith  the 
L12 

for  Cc 

b12 


% 
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CHAPTER  7 


ALMOST  CONVERGE?; 


OLOGY 


The  study  in  function  soace  tocologies  mainly  has  been 
investigated  in  the  space  of  continuous  functions  (see  [16]).  Recently 
Kolmogorov  [12],  Prokhorov  [20],  and  Skorokhod  [23]  discussed  topologies 
on  the  space  of  all  discontinuous  functions  of  the  first  kind  in  connection 
with  a  problem  in  probability  theory.  In  the  theory  of  probability,  if 
the  independent  variable  t  is  considered  to  be  the  time,  then  it  is 
impossible  to  assume  the  existence  of  an  instrument  which  will  measure  time 
exactly  whence  a  comparatively  weaker  topology  is  considered  (see  [23]). 

In  this  chapter  for  the  above  mentioned  purpose  almost  convergent  topology 
is  considered  and  in  the  end  of  this  chapter  one  shows  Skorokhod  H- conver¬ 
gent  is  a  special  case  of  almost  convergent  topology. 


(7.1)  Definition:  Let 

(X,  I 

,)  and 

(  Y ,  S ) 

be  topological  spaces. 

For  each  pair  of  open  sets 

U  € 

L  and 

V  6  s, 

let 

A ( U , V )  =  {ft 

YX  : 

f(u)  r\ 

V  T  0} 

X 

an  almost  convergent  topology  on  Y^  is  that  topology  which  has  as 
subbasis  (A(U,V)}  . 

The  following  example  provides  a  motivation  to  study  the  topology. 


* 


■ 
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(/.?)  Example:  Let  f_:[0,l]  ->•  P.  (reals  with  the  usual  tooolopv) 

.  = —  p]  cjij 

t  0  on  [0,1/2) 

1  on  [1/2,1] 


f  = 


o  on  [0,  2n-l/2n+1) 

r  =  1  2nx  -( 2n-l)/2  on  [(  2n“1)/(  2n+1.' ,  ( 2n+l)/(  2n+1) ) 


n 


1  on  [2n+l/2n+1  ,  1] 


for  n  =  1,2, 


Since  4  P(l/2,  Sr  (1))  =  (f  e  Y'1  :  f(l/2)  c.Sr(l)},  where  Sr(l)  is  the 
open  sphere  about  1  with  the  radius  r  <  1/2.  (f  }-V>  f  in  the  point 


open  topology.  However,  (f  }  -*f  in  the  almost  convergent  topology  (we 

A  n 

denote  as  (fn)  - — >  f  fron  now  on). 

As  the  relation  with  other  topologies  we  have 

(7.3)  Theorem:  A-topology  (Almost  Convergent  Topology)  CL 

P-topolog}/  (pointwise  convergent  topology). 

Proof:  Let  A(U,V)  be  a  subbasic  open  nbhd  in  A-topology  and  f  €  A(U,V) 

where  U  (-  L,  V  ^  S  and  L,  S  are  topologies  in  the  domain  and  range 
spaces  respectively.  Then  there  exist  x  6  U  such  tnat  r(x)  r\  =  0 
which  implies  f(x)  <$  V  and  f  €  P(x,V).  Therefore,  P(x,V)  is  an  open 
nbhd  of  f  and  contained  in  A(U,V). 


Combining  the  example  (7.2)  and  the  theorem  (7.3)  we 


have 


• 

It 
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(7.4)  Corollary :  Almost  convergent  topology  is  strict.' 1v  smaller  than  the 

pointwise  convergent  topology  except  that  they  coincide  when  (X,L)  is  the 
discrete  tCDoloyy. 

i.  toy 

Proof:  The  first  statement  is  an  easy  consequence  of  previous  results, 

and  if  (X,L)  is  a  discrete  space  then 

v  X 

P ( x , V )  =  (f  £  Y  :  f(x)  €  V)  =  {f£  Y  :  f(x)n  V  i  0} 
and  x  6  L  which  implies  P(x,V)  =  A (x,V). 

As  a  separation  axiom  we  have 


(7.5)  Theorem:  The  set  of  all  continuous  functions  on  X  to  Y  which 

is  denoted  as  C(X)  is  T1  with  respect  to  the  A- topology  whenever 
(Y,S)  is  Hausdorff. 


Proof : 


Let  f,  g  £  C(X)  and  f  i-  g.  Then  there  exist  x  £  X  such  that 


p  =  f(x)  f  a(x)  =  q.  Since  Y  is  a  Hausdorff  space  there  exist  U#V  £  3 
with  f ( x )  6  U,  g ( x )  c  V  and  UA  V  =  0.  Since  f,g  €  C(X)  there  exist 
0l5  02  <=  L  such  that  x  6  01  A  02  and 


f(Cy)c  U  and  g(02)  C  V 


’hen  (g(09)  a  U)  Ct  (V  A  U)  =  0  and  (HC^)  A  V)  C  (V  A  U)  -  0 


Let  0  =  0-|  A  02  then  x  €  0  ^  L  and  g  ^  A(n,L),  r  ^  A(f  ,  •  )  ;n^le 


f  £  A ( 0 , U )  and  g  £  A(0,V). 


' 


■- 


' 
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It  is  well  known  that  in  the  pointwise  convergent  tocology 

-  cjJ 

By  Corollary  (7.4) 


lim  f  =  f  iff  lira 

fn(x)  = 

f(x) 

for  every 

we  expect  a  wider 

result  in 

the 

A- topology .. 

example . 

(7.6)  Example: 

-  2x 

•on 

[0,1/2) 

ti 

■ — i 
Mh 

o 

2-2x 

on 

[1/2,1] 

f2  " 

22x 

on 

[0.1/22) 

2~22x 

on 

[1/22 ,  1/2) 

[ 

2 

-2+2  x 

on 

[1/2, 3/22) 

V 

"  22-22x 

on 

[3/22 ,  1] 

-P  — 

An  ' 

r  2nx 

on 

[0 ,l/2n) 

: 

• 

1  2n-  2T1x 

on 

• 

• 

• 

[2n-l/2n ,  1] 

€  V 

/  V  • 


where 


A 

ince  dyadic  fractions  are  dense  in  [0,1]  (fn)  f 


f  = 


1  on  nationals 
0  on  irrationals 


Moreover,  let 

C  - 
X  — 

where 

f(X)  A 

f(x) 

A 

fact  if 

(f  } 

->  f 

ana 


A  _  A 

{f  }  f  and  {f.  }  ->  f 
n  n 

A  f  are  continuous  functions 


In 


A 


n 


is  dense  in  the  graph  of 


.c  n 


{f  }  *>■  f  also, 
n 


then 


-V. 


52 


ihere  is  an  interesting  relation  between  A-topology  and 
Skorokhod  M-topology  which  he  denoted  as  Lb-topology  (see  [23]  p.266)  in 
the  space  of  all  functions  which  are'  defined  on  the  interval  rn  n  ■ 
whose  range  space  Y  is  a  complete  separable  metric  space,  and  which  at 
eveiy  poj.ni  have  a  limit  on  the  lert  and  are  continuous  on  the  right. 


(7’7)  Definition  (Skorokhod):  R[(x1#  f(Xl)),  (x0,  f(x0))]  =  |Xl  - 

2 


V1  5  “  V  ''‘P  J  J  5  ^2  5  '  V  '"2  ' '  J  ~  |^vl 

+  dCrCxj),  r ( :<2 ) )  where  d(f(xp),  f(x2))  is  the  distance  of  f(x- ) 


l' 


x2| 

and 


f(x2)  in  Y  .  {f^}  is  said  to  be  ’'-convergent  to  f  iff 


lim 
n  ->  co 


sup  inf 

(*!»  €  c(f)  (X2,  fjx,)  €  C(f  ) 


n 


R[(x1#  f ( x  ^ ) ) ,  (x2,  fn(x2))]  = 
where  C(f)  =  {(x,  f(x))  :  x  €  [0,1]}  . 


-  0 


Let  U  -  S(x,  1/n)  -  {z:  Ix-zf  <  1/n,  z  €  X}  and  V  = 
n  (ij  n 

Sd(f(x),  1/n)  =  (y:  d(f (x) ,  y)  <  1/n,  y  €  v)  then  A  =  (Un,  V  ) 

is  an  element  in  the  A-tonology  and  {f}  ->  f  in  the  A-topology 

iff  G(fg  )  r\  (Un  x  Vn)  =  0  at  each  point  x  6  X  and  £  >_  N,  for  some 


fixed  N  i.e.  f  £  A(U  ,V  )  for  i  >  L 
x  n  n  —  x 

topology  is  a  special  case  of  A-topology. 


Therefore,  Skorokhod  L- 


The  almost  convergent  topology  has  an  another  aspect  with  respect 
to  Fourier  series.  The  following  is  well  known  in  the  theory  of  Fourier 


series . 


' 
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Let  f(x)  be  a  function  defined 
outside  this  interval  defined  by 


in  — tt  <  x  <  ir  ,  and 
the  eqation  f(x  f  2 7r ) 


=  f(x) 


f(x)  has  a  finite  number  of  noints  of 


discontinuity  of  the  first  kind  and  a 
maxima  and  minima  in  the  interval  -tt 
it  can  be  replaced  by  the  series 


finite  number  of 
<  x  <  tt  ,  then 


a0/2  + 


(a-  cosh  a  b.  sinkx) 

k=l 


with 


TT 


ay  =  1/ tt  \  f(t)cosktdt 


-TT 


I./tt 


TT 

f ( t )sinktdt 


(k 


.) 


which  converge  at  every  point  x  =  Xq  of  the  interval 
to  the  value 


f+(: 


‘0 


)  -  f"(x,) 


Let  f  be 

as  in  the  above  statement. 

Then  it  is 

obvious 

that 

ever}'’ 

open  nbhd  of 

(x,  f+(x))  and  (x,  f"(x)) 

in  X  •<  Y 

(X,  Y  1 

las  the 

rv 

usual 

tcrologv)  has 

non-empty  intersection  vita 

C(f )  and 

C(f) 

where 

f  (x) 


» 


■  • 

4 

■ 


The  series 


•n  "  a0/2 


rv-*' 


converges  to 


ana 


n 


k- a. 


+  3  i  ( a,  cosk:<  +-b3inkx)  } 
^  K  k 

in  the  A- topology  . 


As  a  generalization  of  A- topology  in  the  bitopological  space  we 


have  the  following. 


(7.8)  Definition :  Let  (X,  L0)  .and  (Y,  S-j  ,  S2)  he  bitopological 

X 

snaces.  p-alnost  convergent  tocology  on  Y  is  defined  with  the  subbase 


AiUV')  =  {f  £  Y‘-  :  f(U)n  V  i  0}  . 


tat! 


here  TJ  6  Lp  and  V  £  S-  ,  i  =  1,2  . 


Tf 


i 


a*  is  generatec  by 


(ApCU.V)}  then 


(Yx}  op,  a9) 


is  said  to  be  a  p-almost  convergent  bitopological  function  space. 


from  ( 7 . 4 )  we  have 


(7.9)  Corollary :  ct  j  (f  T\.  ,  i  =  1  >  9 


As  a  separation  axiom  in  the  space  we  discuss  the  rollowing. 


(7.10)  Theorem: 


in  o 

(C 

V  '  o 
°12 


»  c’l»  0;2  ^ 


IS  D- 


1 


whenever  (Y,  8 - ,  S2)  i 


p- 


^12 

Proof:  Let  f,  g  £  C  and  f 

- - —  n12 


cr  then  there  exists  x 


sue a  that 
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x 

V - ' 

M-i 

II 

P-4 

t  g(x)  =  q  .  Since  Y 

is  D-ha 

A. 

usdorff 

V  €  s^5 

such  that 

J 

f  (  x )  £  U }  g(x)  $  V  and  U  r\  7 

=  0  . 

L 

V/ll  0  IPG 

»j  =  1»2  and  i  i  j  . 

Since  f 

ry  p.  n 

3  ''-'O 

0 

°2  €  L2 

such  that  x  £  Op  A  O2 

and  f (C 

1)  C.  u 

Then 

(fCOp)  n  v)  c  u  r\  v  =  0 

and 

(g(02)  n  u)  c  u  n  V  =  0 

which  ir 

iolies 

j- 

AlCO-pU)  €  ,  A2(0, 

V)  v  a9 

ff  A,(0,,u)  and  gfc 

M  o1;t) 

while 

S  J  Aj(02>V)  and 

A2(0,V) 

t 

and  the 

statement  is  proved. 

u  6 


'I » 


12 

12 


:here  exist  0-,  6  L-,  , 
g(o2)  C  V  . 


Similarly  we  can  show 


Theorem: 


L12 

(C  ,  ct1,«2) 

bl2 


-o 


vnenew 


(V  C  Q  )  ■?  c  n_T, 

\  >  °q  »  ° 9  ’  ib  x-  1 1 ' 


(7.11) 


. 


» 
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NOTATIONS 


A  >7 


D  CONVENTIONS 


Notations : 


L 


A, 


12 


b12 


?he  set  of  all  almost  continuous  functions 


f:(X,  L1,  L2)  ->  (Y,  Si;  S2) 


Lj(or  Sn)  -  closure 


o: 


L2(or  )-  closure  of  A 


A 


L. 

■  l 


L. -closure  of  A 
1 


A 


Conolement  of 


Ai(U,V) 


{f  Gy  :  f(U)  A  V  }  0  ,  where  U  £  L-  ,  V  c 


0. : 


Almost  convergent  tooology  which  is  generated  bv 


x  CDJ 


A  •  ( U ,  V ) 


'S 


J12 

12 


The  set  of  all  p-continuous  functions 
f :  (X9  L1#  L2)  ->  (Y,  Sj  ,  S9) 


C(K,U, V) 


{f  6  Y/l;f(K)c:  U  u  V,  f(K)  A  U  i  0  t  f (K)  r\  V,  U  €  S 


V  £  S2  and 


1/  t 

K  lo 


( 12)-connected  set} 


'12 


The  topology  generated  by  {C(K,U,V)} 


C"'2Ij12 

SX2 


The  set  of  all  p-connected  mappings 


f  ■ 


:(X,  L1?  L2)  ->  (Y,  S1#  S2) 


2 


r 


■ 
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C  •  (  K ,  U ,  V ) 


{f  €  YX:f(K)  C  U  U  V,  f(K)A  U  ?  0  ?  f(K)  C\  V,  U,  V  6  Sp 
and  K  is  p-connected  set} 


C(f) 


{(xjf(x)): 


x  £  X} 


C  topology 


^i 


r. 

1 


G 


U 


L 


12 


GL  x  S 
G  topology 

iff 


The  first  axiom  of  countability 
The  second  axiom  of  countability 
Connected  open  topology 

The  topology  generated  by  {K(A,V):A  is  a  p-compact 
and  v  t~  Sp} 

The  topology  generated  by  {Cp(K,U,V)} 

{f  £  Y'':C(f)  C  U  £  L  x  S} 

{ vX  G  G  } 

1  5  Lx  x  s’  L2  x  S 

(Gu  :  U  €  L  x  s} 

Graph  topology 

If  and  only  if 


I  The  set  of  all  integers 

k  .  (or  K  topology)  Compact  open  topology  on  f  :  (X,  Lp)  -*■  (Y,  Sp) 
K(A,B)  {f  £  r'  :  f(A)  C  B) 
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LSC 

Lj 

Lower  semi  continuous  with  respect  to  L 

LUX 

N 

The  set  of  all  real  valued  functions  that  are  both 

USC  and  LSC 

Li  l2 

The  set  of  all  positive  integers 

P“ 

Pairwise 

PC 

Point  open  topology 

p-K 

p-comnact  ooen  tonoloav 

,  L12 
p-K( C  ) 

b12 

Ll2 

Cc  with  p-K  touologv 

u12 

p-K(ULX) 

ULX  with  p-K  topology 

p-q 

Pseudo  quasi-metric 

pi 

PC  topology  with  range  space  (Y,S.) 

R 

The  set  of  all  real  numbers 

LpCV) 

Adjoint  topology  of  L^  w.r.t.  V,  i.e.  (U  U  V  :  U  £  L,;  } 

ULX 

The  set  of  all  real  valued  functions  that  are  both 

USC  and  LSC 

L1  L2 

uscT 

Li 

Upper  semi  continuous  .w.r.t.  L 

w.r.t. 

With  resoect  to 

'  - 
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V(A  ) 


Sun  (Inf) 


Conventions : 


We  will  often  use  the  following: 


(1)  L.-(S.)  will  mean  a  tocology  for  X(Y) 

JL  1  - 


If  it  is  clear  from  the  context  we  frequently  do  not  use  any 


subscript:  e.g.  xjj  instead  of  ijj 


i 


(2) 
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